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1.

SECTION A — answer all FOUR questions

(a) (6 marks) The function g is even. It is not odd. The function h is odd, it is not even.
(Please give the answer with the analysis of g(—z) and h(—t)).

(b) (!)marks)f f=\5—-Vb—xz xe[-205]:

g°f—m_4.ze(—OO.—11)U(—11.5];
= , T <5HA 4.
oS = o <A
. 2 e . .z z
(a) (9 marks) 1; e*;3/8. (b) (6 marks) v e tan(e”).
(a) (5 marks) Let € > 0, and suppose that 0 < [¢+2| <. By |25 —5| = |’+4| < 2|:r+4|

and2—-0<z+4<2+6,ifd<2, wehave%l<zl Let § < 1, we have e < 1 and

I+4

|255 — 2| < % Thus choose § = min{1, %}, we have |32 — 3| < & <.
(b) (5 marks)
h
lim —=1
hoor B
lim sin(h) Y
h—0- h
Thus, we have
sin(h)
710 = h—m ho !

(€) (5 marks) lim, o~ f(2) = lim,_o- (20-+a) = a and lim, g+ f(x) = lim, s c*(sinx) +
cos(z)) =1. Thus a =1.
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4. (a) (5 marks) y' = %o,y = o5z

(b) (5 marks) F—[zamz] = d_—;q-[zoosersinz] = gy[—zsmz+2msz] =4 [—zcosz —

3sinz] = wsinz — 4cosz. Thus 'Li:g[zoosz] = di%[zsinz—4oosz] = rsinz — 4cosx —
4cosx = xsinx — 8cosx. Proceeding in this way, we find that 5:7[10081] = rsinz —
32cosx.

(c) (5 marks) By implicit differentiation, we have 1—y’ + cosy*y’ =0. Thus, 3y’ = z_mv
Hence, we have

d?y  —2sinyf  —dsiny
dz? ~ (2—cosy)?  (2—cosy)?
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SECTION B — answer TWO questions

(a) (7 marks) Let F(z) = f(z)—x. It is easy to see that F'(z) is continuous on [0, 3]. And
F(0) = £(0)— 0> 0, F(3) = £(3) — 3 < 0. Thus, F(0) = 0 or F(3) =0 or F(0)F(3) < 0.
In the third case, using the Intermediate Value Theorem, we have F(0) < F(c) =0 < F(1)
for some ¢ € [0,1], i.e., f(c) = ¢ as required.

(b) (7 marks) First we compute f’(z) =32 — 2z — 1 = (3z + 1)(2 — 1), which exists for
allz € R. Sox = —1/3 and z = 1 are all critical numbers. Hence, f'(z) > 0 at (—oo,—1/3)
and (1,+00), f/(z) < 0 at (=1/3,1). Thus, f(z) attains local minimum 0 at z = 1 and
attains local maximum 32 at x = —1/3.

(c) (6 marks)

Figure 1: Graph of the function
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6.

(a) (7 marks) ¥/ = 42° — 16z = 4a(2? — 4). Thus, 21 = 0, and 22 = 2. By y(0) = 2,
y(2) = =14, y(—1) = =5 and y(3) = 11, we have the absolute maxima is y(3) = 11 and the
absolute minima is y(2) = —14.

(b) (7 marks) Let f(z) =Inz, then f(z) is continuous at [b a) and djfferentiable at (b,a).
ByMVT Jce (ba),suchthat flle)=1/c="na=lb By L <l < landa—1b>0, we

have 2= < lna —Inb < a2 b as required.
(c) (6 marks) Since f(l) =1, we have f~!(1) = 1. And

f(@) =

Then f'(1) = 1 and then

1 1 12

o 1w
U=y T B

(a) (7 marks) By —1 < cos 2% < 1, we have —z* < 2% cos 2% < 2%, Thus, by the Squeeze

2
Theorem and the fact that lim —z? = lim % = 0, we have lim 2 cos 2m _ =0.
70 250 20 T

(b) (8 marks) Let f be the function defined by f(z) = 2*+¢”. Then f(0)=0+1=1>0
and f(—1) = =1+ e~ '~ < 0. Thus f(0) > 0> f(~1), and f is continuous on the interval
[=1,0], so by the intermediate value theorem there is zo € (—1,0) such that f(z) = 0. In
other words the equation has a root zg.

Suppose that the equation has a second root z;. Then since f(zy) = f(z1) = 0 and
[ is differentiable everywhere, Rolle’s theorem shows that there is ¢ € (g, 1) such that
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f'(¢) = 0. However f'(z) = 3a2? 4+ e > 0 so that no such c exists, and so no second root
could have existed.

‘We have shown that there is at least one root, but there cannot be two. So there is exactly
one root as required.

(c) (5 marks) Because f’(3) =2x3—8 = —2. Thus, the equation of tangent is y — (—6) =
(=2)(x — 3). That is, y = —2a.




