2-12 Derivatives of logarithmic functions

Let us now work out the derivative of In. Let f be the function defined by
f(t) = €'. Then it holds that In(f(t)) = t. Deferentiating and using the chain

rule we get:
' (F(e) (1) = 1
, 1 1 1
R O R O}

Substituing f(t) = = we get

So we have:

The derivative of In.

Lin(@) = 1
The derivative of In(g(x)).
_ 9@
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Example 2.79. Find - In (cos(z))

Solution Since In(cos(z)) = In g(x) where g(z) = cos(z), we have

i cos(x))]] = dz c05(2) _ Zsin@) _ _ an(z
dx [In(cos(z))]] cos(x) cos(x) tan()-

Example 2.80. Differentiate the function f defined by f(x) = ¥/In(x).

Solution
d (s _4 b @) P L @) = L) P L
& (V@) = 5 (@)} = 3 (@) ¥ 5 Infe) = @) T 3 = e
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. d r+1
Example 2.81. Find — 1 .
xample "N n<2m+1)

Solution

d (@l _ 1 d (a+]
dx 20+1) 22111 de \ 2z +1
241 Qet1) E@tl) - (@+1) EQr+ 1

z+1 (2z +1)2
2241 (2r41)-1—(x+4+1)-2
T o410 2z +1)?
2z +1 —1
T z+1 2z +1)
B -1
T (z+ 1)@z +1)




Question What is wrong with the following solution to the above example?
Write first

z+1
In (2:0—1—1) =In(z+1) —In(2z + 1).

Derive this and get

and simplify this to get

(x+1)(2z+1)
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Solution The problem is that in order to get the equality

z+1
n<2x+1> =In(z+1) — In(2z + 1)

we need to assume that both z 4+ 1 and 2x + 1 are positive. So this solution is
valid only for x > ’71 The function is defined also when z < —1. We can also
calculate, separately, in the interval (—oo, —1), and write there

n(m“ ) —In(—z — 1) — In(=2z — 1).

2x +1

We can then derive this and get the same formula for the derivative for x < —1.

Example 2.82. Find the derivative of a” where a > 0 is some number.

In(a)

Solution Using the fact that a = e we calculate and we get

d Tz ieln(a)z _ ln(a)eln(a)z _ ln(a)az-

@a dx
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Example 2.83. Find when is the function f(z) = Inz + 1 increasing,
decreasing, and when does it have local maximum / minimum.

Solution We derive first and get
1 1 r—1
!
r)=—— — = ———.
fay=>-=

The function is defined for x > 0 because that is the domain of definition of
Inz. Since 22 is always positive in the domain of definition, we get that our
function increases when x > 1 and decreases when z < 1. At z = 1 we have a
local minimum.

8
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