UNIVERSITY OF ABERDEEN

ADVANCED MATHEMATICS -1
ANSWERS AND WORKED SOLUTIONS

(a) —1.25.
(b) f has domain [—2,4] and range [—2, 3].
(c) g has domain [—3,4] and range [—0.25,4]. (Here —0.25 is an estimate.)

(a) {z | x # —2,2}, or in other words (—oo0, —2) U (—2,2) U (2, 00).
(b) R.
(c) {z | z # 1,2}, or in other words (—o0, —2) U (—2,1) U (1, 00)

(d) Worked Solution: /2 — t is defined when 2 — ¢ > 0, or in other words when ¢ < 2.
V2 + t is defined when 2 +¢ > 0, or in other words when ¢t > 2. So /2 —t + /2 + t is
defined when both condition st > —2 and t < 2 are true. Thus the range is [-2, 2].

(e) (—00,0) U (6, 00).

1
f) Worked Solution: ———— is defined when v/u2 — 6u is defined and nonzero.
(£) Vi —6u v
Now v/u? — 6u is always defined, and it is nonzero when u? — 6u is nonzero, or in
other words when w # 0,6. Thus the domain is {u | u # 0,6}, or in other words

(—00,0) U (0,6) U (6,00).

(g) Worked Solution: For the function to be defined we require that both square roots
exist, or in other words that

1+t>20
for v/1 +t to exist, and that
4—+v14+t2>20

for \/4 — /1 +1t to exist. The first of these states that ¢ > —1, and the second is
equivalent to 4 > +/1 +t, which is equivalent to 16 > 1 + ¢, which is equivalent to
t < 15. So altogether the requirement is that

—-1<t <15,

So the domain is [—1, 15].
(h) The domain is [—1,0) U (0, 15].
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1—2, 02«1

(wf@%:{x—L 1<z<3

r+2, —2<Lz<—1
(b) f(x) = —z, —1<ax<1 and the range is [-1,1].
r—2 1<z<?2

and the range is [0, 2].

(c) Worked Solution: In the range —2 < z < 0 the graph is the line with gradient 3/2
and y-intercept 3, so the function is given by %x + 3 in this range. And in the range
0 < x < 2 the graph is the line with gradient —3/2 and y-intercept 3, so the function
is given by 3 — %x in this range. So we have the following:

3r+43 —2<x<0
— 2 ) X
f(@) {3—3@ 0<z<2

We have chosen x < 0 in the first line to avoid defining f(x) twice. But we could just
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as well have written the following, and the answer would still be right.

3
) sx+3, —2<2<0
f(x)_{ii—%:v, 0<z<2

By looking at which y-values are attained by the function we see that the range is [0, 3].

2 —92<
(d) f(z) = { 22’ 0 i; x<<2 0 and the range is [—2, 2).

(a) The function is odd. It is not even.
(b) The function is neither odd nor even.
(c) The function is even. It is not odd.
(d) The function is even. It is not odd.
(e) The function is both odd and even.

(a) The function is even. It is not odd.
(b) The function is odd. Tt is not even.

(c) The function is neither even nor odd.
2

(d) Worked Solution: f(x) = ol that
—1)2 2 2
J=) = (—<:L‘)§>— T —xf— x _I;U—f— T —/()

and consequently f is odd. Since f(—x) # f(x), is it not even.
(e) The function is even. It is not odd.

(f) The function is neither even nor odd.

(g) The function is odd. It is not even.

(h) Worked Solution: g(x) = |z|- 2 so that

g(=2) = | —a| - (—2)*.
Now | — x| = |z| and (—z)? = (—x)(—x) = 2%, so that
g(=2) = | —a| - (-2)* = |z] - 2” = g(2).

Thus g is even. Since g(z) # —g(x), it is not odd.
(i) The function is odd. It is not even.

(3) Worked Solution: We work out (p+ ¢)(—x) and see whether it is equal to (p+¢)(x)
or —(p+ ¢q)(z). We find that

(p+q)(—z) =p(—z) + q(—2) = p(x) + q(z) = (p + ¢)(z)
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so that p + ¢ is even. It is not (necessarily) odd.
(k) The function is odd. It is not (necessarily) even.
(1) The function is odd.
(m) Worked Solution: Since ¢ is even and r is odd we have
(qor)(—x) = q(r(=2)) = ¢(=r(z)) = q(r(z))
so that g o r is even.
(n) The function is even.
(o) The function is odd.
Worked Solution for g: Recall that g(z) = w, so that
f(=z) + f(—(—= f(=z)+ f(z) f(z)+ f(—=
o) - LCDHICED) 0410 St fo)
and consequently ¢ is even.
Y Y
6 6
(f)
/ d
/ /1| %
(ti) / 6 " -6 =S 6
/ \ / (e)
/
(c) (d)
—6 (a) —6

(a) g(z) = flz—2) - 1L

(b) Worked Solution: The graph of h(z) is obtained from the graph of f by the fol-
lowing steps: First, reflect the graph of f in the z-axis. Second, move it 2 to the right.
Third, move it 1 down. After the first step, we have the graph of the function — f(x).
After the second step, we have the graph of the function —f(x — 2). After the third
step, we have the graph of the function —f(x — 2) — 1. So h(z) = —f(z —2) — 1.

(c) k(x) = —% (—x —2).
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(a) (f + g)(x) = 23 + 2% — 2, and its domain is R.
(b) (f — g)(x) = 2® — 2? + 6, and its domain is R.
(c) (fg)(x) = (2% +2)(2* — 4), and its domain is R.
(d) Worked Solution:

 flx) 2?42

Its domain is the collection of all points x that are in the domain of f, and the domain
of g, and that satisfy g(z) # 0. The domain of f and g are both R. And g(x) = 0 if
and only if z = 2 or x = —2. So the domain of f/g is {z | © # 2, —2} or in other words
(—o0, —2) U (—2,2) U (2, 00).

(a) Worked Solution: (f + g)(z) = f(z) + g(x) = Vb — 2z + V22 — 4. The domain
of f 4 ¢ is the set of all x that lie in the domain of f and the domain of g. The
domain of f is the set of points = such that 5 — 2 > 0, or in other words (—o0, 5].
And the domain of g is the set of points x such that 22 — 4 > 0, or in other words
(—00, —2] U [2,00). The intersection of the two domains is then the intersection of
(—o0, 5] with (—oo, —2] U [2,00), and this is exactly (—oo, —2] U [2, 5].

(b) (f — g)(x) = Vb — 2 — V22 — 4. The domain is (—oo, —2] U [2, 5].
(c) (f9)(z) = v/5 — /22 — 4. The domain is (—oo, —2] U [2, 5].

(d) (f/g)(x) = \/%. The domain is (—oo, —2) U (2, 5].

In every part, the domain is R.

(a) (fog)(z) =32" -1

(b) Worked Solution: (go f)(x) = g(f(z)) = g(3z+2) = 3z +2)? -1 = 92% + 122+ 3.
The domain consists of all x such that f(z) is defined and g(f(z)) is defined. Since
both g and f are defined for all x, it follows that g o f is too, hence its domain is R.

(c) (gog)(zx) = a* — 222
(d) (fo f)(x) =9z +8.

In every part, the domain is R.
(a) (f o g)(x) = sin(2z + 2).
(b) (go f)(z) =2sinz + 2.

(c) (gog)(z)=g(g9(x)) = g(2x + 2) = 2(2x + 2) + 2 = 4o + 6. Its domain consists of
all x for which g(x) and g(g(z)) are defined. Since g(z) is defined for all z, it follows
that g o g is as well. Hence its domain is R.

(d) (f o f)(x) = sin(sin(z)).

(a) (fog)(xz) =x+ 2, and its domain is {z | z # —2} = (—00, —2) U (=2, 0).
(b) Worked Solution: (go f)(z) = g(f(x)) = m = ﬁ = 5. Its domain consists
of all « for which f(x) and g(f(x)) are defined. In other words, it consists of all = for
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which x # 0 and 1/2 # —2. And that means that it consists of all x for which = # 0 and
—1/2. So the domain is {z | z # 0,z # —1/2} = (—o0,—1/2)U(—=1/2,0)U (0, 00).
(c) (gog)(z) = ZZ. Tts domain is {x | z # —2,2 # —5/2}.

2x+5

(d) (f o f)(z) =z, and its domain is {z | z # 0} = (—00,0) U (0, 00).

(a) f(8) does not exist because f is not defined at 8.

(b) lim, 4~ f(z) does not exist because we may find x < a arbitrarily close to a such
that f(z) =6, and we may find < a arbitrarily close to a such that f(x) = 2.

(c) im, 4+ f(z) = 4.

(d) lim,_,4 f(x) does not exist for the same reasons that lim, ,,- f(z) does not exist.
(e) lim, o+ f(x) = 2.

(f) lim, o~ f(z) =

(g) lim,_, f(z) does not exist because lim, o~ f(x) # lim, .o+ f(x).

(h) 7(0) =

(i) lim,, 4~ f(z)
(§) limg 4+ f(2)
(k) f(—4) =

(1) lim, s f(z) = 6

2
4.

(a) lim,_, 4 f(z) = oc.

(b) lim,_, 4+ f(x) =

(c) lim,_, 4 f(z) does not exist.
(d) llrn$—>4 f(l’)

(e) lim, 4+ f(x) =

(f) lim, 4 f(x) = —o0.

T

(a) Worked Solution: We use the fact that lim,_, 1 h(z) exists if and only if lim, , ;- h(x)
and lim, , 1+ h(x) both exist and are equal, in which case

lim A(x) = lim h(z)= lim h(z).

z——1 z——1" z——171
Since h(x) = 2 + x for x < —1 we have

lim A(z)= lim 24+2=24(-1)=1

rz——1" rz——1"
and since h(x) = z? for —1 < x < 1 we have

lim A(r) = lim 2°=(-1)>=1.

r——11 rz——171
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Since these limits both exist and are equal, we have

(b) The limit does not exist.

(c) Worked Solution:

lim,_,, f(x) exists for all a except possibly x = —1 and z = 1.

Now lim,_, - f(z) = lim,, ;- (=2 — z) = —1 and lim,_, 1+ f(z) = lim,_,_1+(23) =

—1. Since lim, , ;- f(z) = lim,, 1+ f(z), it follows that lim,_, ; f(z) exists.

Next, lim,_,;- f(z) = lim,_,;- 2* = 1, while lim,_,;+ f(z) = lim,_;+ 1 — 2 = 0. Since
lim, ,1- f(z) # lim, 1+ f(x), it follows that lim,,; f(x) does not exist.

So lim, ., f(x) exists for all a except a = 1.

(d) The limit lim,_,, f(z) exists for all  except a = 0.

Y Y
2 2
(a) ) (b) I )
_4 4 —4 4
-2 —2
Y Y
T AN m
(©) ) (@) \ )
4 4 —4 4
-2 —2
. . N s
(a) z_l)lwn/lr tanx = oo (b) m_l)l;?l2+ tanxz = —oo (c) mlﬂéi 3=
I+x l1+zx
(d) i o =g = o0 (@l gy =

(f) Worked Solution:

As x approaches 3 the terms 1 + 2 and 22 approach 4 and 9 respectively, while x — 3

approaches 0. Thus 121;933) grows without bound as x approaches 3.

However, if z > 3 then the term 1 + x is positive, as are 22 and  — 3. Thus 1(”3) is

always positive for z > 3.

It follows that lim 1~|——z = 0.
e—3+ 22(x — 3)
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(a) 6

(b) 16

(c) —V3

(d) Worked Solution: First, lim,_,; 4h(x) = 4lim,_,; h(x) = 4 x —3 = —12, by the law
for functions multiplied by a scalar. Since this limit exists and is nonzero, and since

lim,_,; f(z) also exists, we may use the limit law for quotients to see that lim,_,; % =
limg 1 f(x) _ 2

1imza114h(z) - 12 T _1/6

(e) 0

(a) 31

(b) 15

(c) Worked Solution: For u = 3 we have u® — 3u + 3 = 21. So for u close to 3 we have
u? — 3u+ 3 > 0, and so we may use the n-th root law to see that

lim vVu? —3u+3 =, /lim(u? — 3u + 3)
u—3 3

u—

and by the direct substitution law this is equal to v/3% — 3u + 3 = /21.
(d) /2

The left hand side of the first equation is only defined for x # 3, while the right hand
side is defined for all . This is nevertheless enough to show that the two limits are
equal.

(a)1
(b) Does not exist.
(c) 7/4
(d) Does not exist.
(e) —4
(f) 12
(g) Does not exist.
(h) 1/v2
(i) Worked Solution: First we simplify the function for ¢ # 0:
1 2 t+2 2 t+2-2 1

I 2+2 212 242 2+2A  t+2

. 1 2 . 1 1
lim [ — — =lm|(——) ==
t—0 \t 242t t—0 \ t + 2 2

Thus

(4) 1/54
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Worked Solution:
(a) We will show that the left and right handed limits both exist and are zero. Indeed,

since |z| =z if > 0 and |z| = —z if < 0, we have
lim |z| = lim 2 =0
z—07t xz—07t
and
lim |z] = lim (—z) =0
z—0~ z—0~

so that lim,_,o |z| exists and is equal to 0.
(b) We do this in three parts, depending on the value of z.

First suppose that z = 0. Then —|z| = 0, f(z) = 0 and |z| = 0. So then —|z| <
f(z) < |x| certainly holds.

Next suppose that « > 0. In this case |z| = z. Then since —1 < cos(1/z) < 1 and
x> 0, we have —z < zcos(1/x) < x. In other words, —|z| < f(z) < |z|.

Finally suppose that < 0. In this case x| = —z. Since —1 < cos(1/z) < 1 and
since x < 0, multiplying the inequality by x reverses the inequalities, so we have
—x > xcos(l/x) > z, or in other words x < wcos(l/z) < —=z, or in other words
—lz| < f(z) < |x|, as required.

(c) We know that lim, ,o(—|z|) = 0, lim, |z| = 0, and —|z| < f(z) < |z| for all .
So the squeeze theorem applies and shows us that lim, o f(z) = 0 as required.

(a) Worked Solution: Let us define functions p and ¢ by p(z) = 22 — 5z + 8 and
q(x) = 22* — 11z + 17. Then the question tells us that p(z) < f(z) < ¢(z). Since
p and ¢ are polynomials, direct substitution shows that lim, ,3p(z) = p(3) = 2 and
lim, 3 q(z) = q(3) = 2. So the squeeze theorem tells us that lim, 3 f(x) = 2.

(b) 1

(a) Does not exist.

(b) 3

(c) Worked Solution: For z < 0 we have x‘-&-33 = ;1_33 = —1 so that lim,_,_3 <‘zt33> =

lim, , 3—1=—1.

Worked Solution: We have lim (M> = lim (:1: : M) = lim(z) - lim (g_x)) =

x—0 1:2 r—0 x3 x—0 x—0 x3

0-4 = 0. Similarly, lim, o 22 = 0.

f(x) = 2 and g(x) = —1 serve as answers to both parts.
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The example asks you to show that lim,_,, f(z) = L where a = 2, f(z) = 2z + 3 and
L = 7. So given ¢ > 0 we must specify a 6 > 0 and show that if |z — 2| < 0 then
|2z +3) — 7] <e.

So the error is that the solution proves |(2z 4+ 3) — 7| < 2¢. To make a correct solution
we can choose a different value of 0 and follow through the same reasoning. In this
case § = €/2 works. (If you can’t see why this works, then try defining 6 = ¢ - € and
working through the steps of the solution, then check that by choosing ¢ = 1/2 the
computation ends as “< €”.

The question asks us to show that lim,,, f(z) = L, where a = 3, f(z) = 3 — 5z, and
L = —12. So given € > 0, we must define a § > 0 and show that when |z — a| < 0 we
have |f(z) — L| < e.

The solution seems to do this. However there are two wrong steps: first, |(—5)(3—x)| =
| — 5] x |3 — x| = 5|3 — x|, so there is a sign error in the third =, and |3 —z| = |z — 3|,
so there is another sign error in the fourth =. Nothing else needs to be changed.

(c) Pre-Solution: Given € > 0 we must find > 0 such that:

if 0 < |xr —2| < then

(%x—?)) _ (—2)‘ <e

Or in other words:
if 0 < |z —2| < § then

la:—l‘ < €
2
Or in other words:

if 0 < |m—2|<5then%|x—2| <€

Or in other words:
if 0 < |z —2| <6 then |z —2| < 2

If we choose & = 2¢ then this will certainly be true.

Solution: Given € > 0, let 6 = 2¢. Then if 0 < |z — 2| < §, we have

(39l

1
Thus lim (—:z; — 3> = —2 as claimed.
r—2 2

1 1 1 1

(a) Solution:

Given € > 0, let § = €. Then if 0 < |x — a| < 0, we have |[x —a| < d =€. So limz = a.
Tr—a
(f) Pre-Solution: Given € > 0, we must find 6 > 0 such that:
if 0 < |z — (=5)| <6, then |2? — 25| <€

Or in other words:

if 0 < |x+5| <0, then [(x —5)(x +5)| <e
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Or in other words:

if 0 < |x+5| <0, then |z —5]-|z+5| <e

So we have to choose 0 so that if |z 4+ 5| < § then |x — 5| and |z + 5| are small enough.
Let’s suppose that 6 < 1. Then if 0 < |z + 5| < §, we have 0 < |z + 5| < 1, so that
—1 < x+5<1, and consequently —11 < x — 5 < —9, and consequently |z — 5| < 11.

So we know that if § < 1 and 0 < |z — (=5)| < J, then |22 —25| = |z —5|- |z +5| < 116.
Then if § < €/11, that will be enough. We can arrange this by taking § = min(1,¢/11).
Solution: Given € > 0, let 6 = min(1,¢/11). Suppose that 0 < |z — (=5)| < 6, or in
other words that 0 < |z + 5| < 6. Then |z + 5| < 1, so that =1 < z +5 < 1, and
consequently —11 < x — 5 < —9, and consequently |z — 5| < 11. So

|22 — 25| = [(x = 5)(z +5)| =]z — 5| - |[v +5| <11-6§ <11 -¢/11 =e.

Or in other words
|z? — 25| < e.

We have shown that lim5 z? = 25 as required.
T——

(a) If @ < b then min(a,b) = a. Since a < a and a < b, we have min(a,b) < a and
min(a,b) < b as required. If b < a then a similar argument shows that the same
inequalities hold.

The inequalities are used to show that § < 2 in the second paragraph, and to show
that ¢ < 3¢ in the long series of inequalities.

(b) The identity is used to show that |2 —z| =] — (z — 2)| = |[x — 2|.

(c)If [z — 2| <1 then —1 <z —2 < 1, and adding 3 to all terms gives 2 < z + 1 < 4,
so that |z + 1| > 2 and consequently Wﬁ < 1.

If | — 2| < 3 then we find that |z + 1| > 0, but then we can conclude nothing about
1

|z+1]"
(d) Given € > 0, define 6 = min(1, 6¢). Suppose that 0 < |z — 2| < 9.

Since |z — 2| < ¢ and § < 1, we have |z — 2| < 1. It follows that —1 < z —2 < 1.

By adding 3 to all terms we find that 2 < z + 1 < 4. Consequently |z + 1| > 2, and

rearranging gives ﬁ < %
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Now
1 1] [3—(z+1)
r+1 3| | 3(x+1)
| 2—x
C3(x+ 1)
1 1
==. 2 —
3 |z+1] [2 ==l
1 1
= . =2
3 |z+1] = -2l
1 1
<z -0
3 2
<1 L 6
S3720
=¢
d ! ! < €. Thus li (=) =1 ired
and so | ——— — | <& Thus lim,5(;37) = 3 as required.

(e) In this case you cannot prove an inequality of the form ﬁ <7 and so the solution
cannot be made to work in this case.

(a) Solution:
Let € > 0. Define § = min(1,¢/4) and let = be such that 0 < |z — 2| < 4.

Since § = min(1, e/4) it follows that 6 < 1 so that |z — 2| < 1. Thus -1 <z —2 < 1,
so that 2 <z + 1 < 4, so that |z + 1| < 4.

Now

(2% =2 =3) = (-1)] = |2* — 2 — 2|

= |(z +1)(z — 2)|
=lx+1]- |z —2|
<4-6

<4-€¢/4

= €

so that overall we have |(z? — 2 — 3) — (=1)| < € as required.

(d) Solution:

Let € > 0. Define 6 = min(1, £2¢) and let z be such that 0 < |z — 1| < 6.

Since § = min(1, £) it follows that § < 1, so that [z —1] <1, so that =1 <z —1 <1,

so that 3 < o + 3 < 5, so that |z + 3| > 3 and consequently I:E_Jlr?)\ <3



